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• sequence models

• amortized variational filtering

• sequential autoregressive flows



S E Q U E N C E  M O D E L S



G E N E R AT I V E  M O D E L

4

a model of the density of observed data
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maximum likelihood estimation
find the model that assigns the maximum likelihood to the data

x

p
pdata(x)
p✓(x)
x ⇠ pdata(x)

p✓(x)model:

pdata(x)data:

✓⇤ = Epdata(x) [log p✓(x)]argmax
✓

=

parameters: ✓

⇡ 1

N

NX

i=1

log p✓(x
(i))
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observed data are often sequential

time

data
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vision

audio

joint angles
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tt� 1 t+ 1

dynamics: dependence in time

multi-information: I(x1:T ) =
X

t

H(xt)�H(x1:T ) � 0
<latexit sha1_base64="ZG6dEjYSPILKuj0lV0m3JJ5kqqc="></latexit>

observing x¬t
<latexit sha1_base64="LfYcx9Mv5jkb2wIgQLT9Xz8Ph/g="></latexit>

xt
<latexit sha1_base64="/9eKoYxPE1ZizRUsfEHodALxXRM="></latexit>

reduces uncertainty in 

pdata(xt|x¬t)
<latexit sha1_base64="wqhf7rWWVm40zyYj3bXVK6yNCbs="></latexit>

pdata(xt)
<latexit sha1_base64="RsoqhZHnEgpIvhJvbje7Fui+r9Y="></latexit>

xt
<latexit sha1_base64="/9eKoYxPE1ZizRUsfEHodALxXRM="></latexit>
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model temporal dependencies

tt� 1 t+ 1
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model temporal dependencies

tt� 1 t+ 1
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model temporal dependencies

tt� 1 t+ 1
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M O D E L I N G  D Y N A M I C S

tt� 1 t+ 1

fully-observed

tt� 1 t+ 1

latent

p✓(xt|x<t) =

Z
p✓(xt|zt)p✓(zt|x<t)dzt

<latexit sha1_base64="Us8UbCjMTL/U4uDi8I1+tTtn1Bg="></latexit>

may be more flexible than a fixed-form p✓(xt|x<t)
<latexit sha1_base64="hsjE9FCjkzXNO2FF+fHIUg7mGLw="></latexit>

mixture

component

mixture

probability
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where xT is a sequence of T observed variables

zT is a sequence of T latent variables

general form:

p✓(xT , zT ) =
TY

t=1

p✓(xt|x<t, zt)p✓(zt|x<t, z<t).(

prior

(
likelihood
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simplified case (hidden Markov model):

general form:

p✓(xT , zT ) =
TY

t=1

p✓(xt|x<t, zt)p✓(zt|x<t, z<t).(

prior

(
likelihood

ztzt�1 zt+1

xt+1xtxt�1

p✓(zt|zt�1)

p✓(xt|zt)
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ztzt�1 zt+1

xt+1xtxt�1

p✓(zt|zt�1)

p✓(xt|zt)

Markov model:

Parameterization:

p✓(zt|zt�1) is typically an analytical distribution

p✓(zt|zt�1)

ztµ✓(zt�1)

�2
✓(zt�1)

for example, p✓(zt|zt�1) = N (zt;µ✓(zt�1), diag(�2
✓(zt�1)))
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ztzt�1 zt+1

xt+1xtxt�1

p✓(zt|zt�1)

p✓(xt|zt)

the parameters of these analytical distributions are

functions, often deep networks
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ztzt�1 zt+1

xt+1xtxt�1

p✓(zt|zt�1)

p✓(xt|zt)

the parameters of these analytical distributions are

functions, often deep networks
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the parameters of these analytical distributions are

functions, often deep networks

ztzt�1 zt+1

xt+1xtxt�1

p✓(zt|zt�1)

p✓(xt|zt)

zt�1

µ✓(zt�1)

log�2
✓(zt�1)
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how do we model long-term dependencies?

general model form p✓(xT , zT ) =
TY

t=1

p✓(xt|x<t, zt)p✓(zt|x<t, z<t).

p✓(xT , zT ) =
TY

t=1

p✓(xt|ht�1, zt)p✓(zt|ht�1)

use a recurrent network

zt

xt

htht�1ht�2 ht+1

zt+1zt�1

xt�1 xt+1

deterministic
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given a sequence of observations, xT , infer p✓(zT |xT )

smoothing inference

filtering inference
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z
<latexit sha1_base64="JJBRHMAw1+FJL17Y9ikHFHSRDGA="></latexit>

x
<latexit sha1_base64="f85W8qlbhIMOhjGJ64NRDqqSQgA="></latexit>

graphical model computation graph

p✓(x, z) = p✓(x|z)p✓(z)
<latexit sha1_base64="bP1UQjJSGIXg+cx14OLcTOTa7E4="></latexit>

p✓(x) =

Z
p✓(x, z)dz

<latexit sha1_base64="pD/bQtwJY1rtAkQvwU4NNpo/1fs="></latexit>

intractable
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approximate posterior q(z|x)

variational lower bound

log p✓(x) � L(x; q) = Eq


log

p✓(x, z)

q(z|x)

�

“reconstruction”

(

“regularization”

(

where

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

computation graph
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approximate posterior q(z|x)

variational lower bound

log p✓(x) � L(x; q) = Eq


log

p✓(x, z)

q(z|x)

�

“reconstruction”

(

“regularization”

(

where

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

p✓(z)
<latexit sha1_base64="IEFcZ6TdJDNiYnM2MXVVhnD1rxA="></latexit>

q(z|x)
<latexit sha1_base64="GKYv3YBzSW+vcCnXm4SsDmmxo+c="></latexit>

�Eq


log

q(z|x)
p✓(z)

�

<latexit sha1_base64="bSdQSp0iZL3ytr3Aon9aL1YVVZc="></latexit>

latent space
computation graph
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approximate posterior q(z|x)

variational lower bound

log p✓(x) � L(x; q) = Eq


log

p✓(x, z)

q(z|x)

�

“reconstruction”

(

“regularization”

(

where

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

p✓(z)
<latexit sha1_base64="IEFcZ6TdJDNiYnM2MXVVhnD1rxA="></latexit>

q(z|x)
<latexit sha1_base64="GKYv3YBzSW+vcCnXm4SsDmmxo+c="></latexit>

p✓(x|z)
<latexit sha1_base64="60DGexcpR/Fv1prZWkg4K8IbvkM="></latexit>

Eq [log p✓(x|z)]
<latexit sha1_base64="ThBf6Fct1myVHSay2XFe4My8dic="></latexit>

�Eq


log

q(z|x)
p✓(z)

�

<latexit sha1_base64="bSdQSp0iZL3ytr3Aon9aL1YVVZc="></latexit>

x ⇠ pdata(x)
<latexit sha1_base64="Min9X1kSrlMsgf0t/tlM/bkvIlw="></latexit>

latent space

observed space

computation graph
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deep latent variable model + variational inference + direct encoder + reparameterized Gaussian

Variational Autoencoder (VAE):

µ�(x)
<latexit sha1_base64="f4POFtkrBQtlxidt2haan9e3VOs="></latexit>

��(x)
<latexit sha1_base64="byTPipI6nSdWcCa+1Ot0FEheE08="></latexit>

z
<latexit sha1_base64="JJBRHMAw1+FJL17Y9ikHFHSRDGA="></latexit>

✏
<latexit sha1_base64="mlLz5PRn6k/2I/uXqfF1v+kMzi4="></latexit>

⇤<latexit sha1_base64="Nkk3T+niU2cCEWunvav3KuI5f5w=">AAACdnicdVHLSgMxFE3HV62vVpeCBEtRXJSZKuiy6MZlC31BO5RMetuGJpMhyYhl6Be41Y/zT1yaabvoQy8EDuc+zsm9QcSZNq77nXF2dvf2D7KHuaPjk9OzfOG8pWWsKDSp5FJ1AqKBsxCahhkOnUgBEQGHdjB5SfPtN1CaybBhphH4goxCNmSUGEvV7/r5olt254G3gbcERbSMWr+Q6fcGksYCQkM50brruZHxE6IMoxxmuV6sISJ0QkbQtTAkArSfzJ3OcMkyAzyUyr7Q4Dm72pEQofVUBLZSEDPWm7mU/CvXjc3wyU9YGMUGQroQGsYcG4nTb+MBU0ANn1pAqGLWK6Zjogg1djlrkxqen6Tm0jFr8oGY5Up4lUltREa8r9cRPpJWYSz+oRndbog0xHarcmAXaE/ibR5gG7QqZe++XKk/FKvPy+Nk0SW6RrfIQ4+oil5RDTURRYA+0Cf6yvw4V07JuVmUOpllzwVaC8f9BZZ5wrc=</latexit>

+
<latexit sha1_base64="Z+9aU0F2yHtHC/FjEFUaW/dEtUg=">AAACdnicdVHLSgMxFE3HV62vVpeCBEtREMpMFXRZdOOyhb6gHUomvW1Dk8mQZMQy9Avc6sf5Jy7NtF30oRcCh3Mf5+TeIOJMG9f9zjg7u3v7B9nD3NHxyelZvnDe0jJWFJpUcqk6AdHAWQhNwwyHTqSAiIBDO5i8pPn2GyjNZNgw0wh8QUYhGzJKjKXqd/180S2788DbwFuCIlpGrV/I9HsDSWMBoaGcaN313Mj4CVGGUQ6zXC/WEBE6ISPoWhgSAdpP5k5nuGSZAR5KZV9o8Jxd7UiI0HoqAlspiBnrzVxK/pXrxmb45CcsjGIDIV0IDWOOjcTpt/GAKaCGTy0gVDHrFdMxUYQau5y1SQ3PT1Jz6Zg1+UDMciW8yqQ2IiPe1+sIH0mrMBb/0IxuN0QaYrtVObALtCfxNg+wDVqVsndfrtQfitXn5XGy6BJdo1vkoUdURa+ohpqIIkAf6BN9ZX6cK6fk3CxKncyy5wKtheP+ApiLwrg=</latexit>

Kingma & Welling, 2014

Rezende et al., 2014
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VA R I AT I O N A L  I N F E R E N C E  I N  S E Q U E N T I A L  M O D E L S

q(zT |xT )introduce an approximate posterior

choices about the form of q(zT |xT ) determine how we evaluate L

often q(zT |xT ) is structured

ELBO: L(xT , q) = Eq


log

p✓(xT , zT )

q(zT |xT )

�
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the model contains temporal dependencies

S T R U C T U R E D  VA R I AT I O N A L  I N F E R E N C E

p✓(xT , zT ) =
TY

t=1

p✓(xt|x<t, zt)p✓(zt|x<t, z<t).

zt

the approximate posterior should account for these dependencies
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the model contains temporal dependencies

S T R U C T U R E D  VA R I AT I O N A L  I N F E R E N C E

p✓(xT , zT ) =
TY

t=1

p✓(xt|x<t, zt)p✓(zt|x<t, z<t).

zt

the approximate posterior should account for these dependencies

q(zt|xt)if we use , we cannot account for x<t z<tand



F I LT E R I N G  I N F E R E N C E

30

filtering approximate posterior

q(zT |xT ) =
TY

t=1

q(zt|xt, z<t).

condition on observations at past and present time steps

t
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A M O R T I Z E D  VA R I AT I O N A L  I N F E R E N C E

how do we amortize inference in sequential models?

typical approach:

filtering: use a recurrent network

smoothing: use a bi-directional recurrent network
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VRNN
Chung et al., 2015

Z-Forcing
Goyal et al., 2017

SRNN
Fraccaro et al., 2016

Structured VAE
Johnson et al., 2016

SVG
Denton & Fergus, 2018

STORN
Bayer & Osendorfer, 2014
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custom-designed inference models

VRNN
Chung et al., 2015

SRNN
Fraccaro et al., 2016

SVG
Denton & Fergus, 2018
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Kalman filtering: exact Bayesian inference in linear-Gaussian model

estimate prediction + gain · prediction error
<latexit sha1_base64="Z2wvckZEDuL01bnZvb8LOXrmCQ8="></latexit>

µt  µt|t�1 +Kt(xt � bxt)
<latexit sha1_base64="999DrGuyYOKb+eAHsTbCqJExdUA="></latexit>

µt
<latexit sha1_base64="Odp3O8lq54HcIM+lQ4vmGDaZY+w="></latexit>

µt|t�1
<latexit sha1_base64="JrZ5Kxcw3d+Y+7kiFiU3fMV5C5k="></latexit>

bxt
<latexit sha1_base64="9yDjHeA7kCyq8BZ4WKvGIXEO4/o="></latexit>

xt
<latexit sha1_base64="/vHW2cv/YGhbI1W91wUTSr/d91g="></latexit>

Kt
<latexit sha1_base64="v4bShlA9dFL6uWy7JwOpHCqNm10="></latexit>
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Marino et al., 2018a

ITERATIVE AMORTIZED INFERENCE

learn an iterative mapping

� f�(�,r�L)

q(z|x) argmax
q

L(x; q)inference optimization:

let � be the distribution parameters of q(z|x), for example, � = {µ,�2}

contains prediction errors

x� bx
<latexit sha1_base64="jjopYF5vN5Wtdl9Ke2DTcRBPs5M="></latexit>
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Marino et al., 2018b

perform iterative amortized inference at each time step

t t+ 1

In
fe
re
n
ce
O
p
ti
m
iz
at
io
n
(E
-st
ep
)

t� 1

ite
rat

ion
s

<latexit sha1_base64="l9lSninMMLq7K7lTJ9Y4PUVBcsw="></latexit>
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TIMIT audio waveforms

I N F E R E N C E  I M P R O V E M E N T

model output,

iteration 1

model output,

iteration 0

observation

Marino et al., 2018b
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I N F E R E N C E  I T E R AT I O N S

ON TIMIT VAL SET

Marino et al., 2018b

training with additional 
inference iterations


improves performance
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I N F E R E N C E  I T E R AT I O N S

ON TIMIT VAL SET

Marino et al., 2018b

each inference iteration yields 
diminishing relative improvement
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P E R F O R M A N C E

Marino et al., 2018b

TIMIT
VRNN

baseline 1,082
AVF (1 Iter.) 1,105
AVF (2 Iter.) 1,071

SRNN
baseline 1,026
AVF (1 Iter.) 1,024

<latexit sha1_base64="aZeRa8czGZqicNyEJHYrQcEYH/Q="></latexit>

AUDIO

KTH Actions

SVG

baseline 3.69

AVF (1 Iter.) 2.86
<latexit sha1_base64="upLSH/DJLRXVH85NIBE1pJf089s="></latexit>

VIDEO

Piano-midi.de MuseData JSB Chorales Nottingham

SRNN
baseline (Fraccaro et al., 2016) 8.20 6.28 4.74 2.94
baseline 8.19 6.27 6.92 3.19
AVF (1 Iter.) 8.12 5.99 6.97 3.13
AVF (5 Iter.) – – 6.77 –

<latexit sha1_base64="QaxjNLcHjJMIiDsZN08iN7ZTBBk="></latexit>

MIDI MUSIC

one inference method, consistent improvement across models & domains
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xt�3
<latexit sha1_base64="A+NwkXFLy8dEXhO4lC/Y2RBrA7Y="></latexit>

xt�2
<latexit sha1_base64="FQVlMEFQvZFJH0/AEMcNlsO9I7E="></latexit>

xt�1
<latexit sha1_base64="Uoe094Ebd5E0MjBKCabrmYfr41Y="></latexit>

xt
<latexit sha1_base64="/9eKoYxPE1ZizRUsfEHodALxXRM="></latexit>
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xt�3
<latexit sha1_base64="A+NwkXFLy8dEXhO4lC/Y2RBrA7Y="></latexit>

xt�2
<latexit sha1_base64="FQVlMEFQvZFJH0/AEMcNlsO9I7E="></latexit>

xt�1
<latexit sha1_base64="Uoe094Ebd5E0MjBKCabrmYfr41Y="></latexit>

xt
<latexit sha1_base64="/9eKoYxPE1ZizRUsfEHodALxXRM="></latexit>

�<latexit sha1_base64="YlEnZegu6BMRciM97uIB7y4yLos=">AAACdnicdVHLTgIxFC3jC/EFujQxjYToRjKDJrokunEJCa8EJqRTLtDQTidtx0gmfIFb/Tj/xKUdYMFDb9Lk5NzHOb03iDjTxnW/M87O7t7+QfYwd3R8cnqWL5y3tIwVhSaVXKpOQDRwFkLTMMOhEykgIuDQDiYvab79BkozGTbMNAJfkFHIhowSY6n6XT9fdMvuPPA28JagiJZR6xcy/d5A0lhAaCgnWnc9NzJ+QpRhlMMs14s1RIROyAi6FoZEgPaTudMZLllmgIdS2RcaPGdXOxIitJ6KwFYKYsZ6M5eSf+W6sRk++QkLo9hASBdCw5hjI3H6bTxgCqjhUwsIVcx6xXRMFKHGLmdtUsPzk9RcOmZNPhCzXAmvMqmNyIj39TrCR9IqjMU/NKPbDZGG2G5VDuwC7Um8zQNsg1al7N2XK/WHYvV5eZwsukTX6BZ56BFV0SuqoSaiCNAH+kRfmR/nyik5N4tSJ7PsuUBr4bi/nK/Cug==</latexit>

÷
<latexit sha1_base64="zU1t23bQbWEUhSwGFZ+dhUDLseE="></latexit>

µ✓(x<t)
<latexit sha1_base64="wy1WYPqqnkkv22S/qgVxrO+jOM4="></latexit>

�✓(x<t)
<latexit sha1_base64="tuXXMIg/Bc4YouWi1xyioUAsaLE="></latexit>

yt
<latexit sha1_base64="Rc8skmreVThEy0HMt+P8j5ZBRTE="></latexit>

✓
<latexit sha1_base64="y9Nz2T+fmSMi/3DG5f53pxwGB6k="></latexit>
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Marino et al., 2020

remove low-level temporal dependencies using an autoregressive flow

13
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<latexit sha1_base64="pSMj62eOFVD7Buj853FHlma8izA="></latexit>

Flow
<latexit sha1_base64="9c2S84X+Yjx7lgHsBqZAnAQM7c8="></latexit>
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Data
<latexit sha1_base64="pSMj62eOFVD7Buj853FHlma8izA="></latexit>

Flow
<latexit sha1_base64="9c2S84X+Yjx7lgHsBqZAnAQM7c8="></latexit>

Noise
<latexit sha1_base64="xIsEvyuYXfmc5vw6eWNB2fL16SY="></latexit>

Base Dist.
<latexit sha1_base64="DGyz+2dcpzNiM3dz1AqEf/YJo60="></latexit>
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Marino et al., 2020
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Marino et al., 2020

2 4 6 8
NLL Bound

0.0

0.5

1.0

1.5
Train

Test

SLVM + AF
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0.0

0.5

1.0

1.5
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SLVM

KTH Actions

improved train-test

overlap
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Marino et al., 2020

VideoFlow

VideoFlow + AF
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• amortized variational filtering

• sequence models

• sequential autoregressive flows




