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forward model: model of how an observation is generated

inverse problem: inverting a forward model to obtain the underlying state

black hole brightness

radio Fourier frequenciesblack hole brightness

Event Horizon Telescope Collaboration, 2019

radio Fourier frequencies
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p✓(x, z) = p✓(x|z)p✓(z)
model:

marginalization:

p✓(x) =

Z
p✓(x, z)dz

inference:

p✓(z|x) =
p✓(x, z)

p✓(x)

(

joint

(conditional 
likelihood

(

prior

(marginal 
likelihood

(
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maximum likelihood is typically intractable

✓⇤ = argmax
✓

Epdata(x) [log p✓(x)]

⇡ argmax
✓

1

N

NX

i=1

log p✓(x
(i))

⇡ argmax
✓

1

N

NX

i=1

log

Z
p✓(x

(i), z)dz

�

intractable integral

(
must resort to approximation techniques
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approximate posterior q(z|x)

variational lower bound

log p✓(x) � L(x; q) = Eq


log

p✓(x, z)

q(z|x)

�

“reconstruction”

(

“regularization”

(

where

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>
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approximate posterior q(z|x)

variational lower bound

log p✓(x) � L(x; q) = Eq


log

p✓(x, z)

q(z|x)

�

“reconstruction”

(

“regularization”

(

where

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

p✓(z)
<latexit sha1_base64="IEFcZ6TdJDNiYnM2MXVVhnD1rxA="></latexit>

q(z|x)
<latexit sha1_base64="GKYv3YBzSW+vcCnXm4SsDmmxo+c="></latexit>

�Eq


log

q(z|x)
p✓(z)

�

<latexit sha1_base64="bSdQSp0iZL3ytr3Aon9aL1YVVZc="></latexit>

latent space
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approximate posterior q(z|x)

variational lower bound

log p✓(x) � L(x; q) = Eq


log

p✓(x, z)

q(z|x)

�

“reconstruction”

(

“regularization”

(

where

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

p✓(z)
<latexit sha1_base64="IEFcZ6TdJDNiYnM2MXVVhnD1rxA="></latexit>

q(z|x)
<latexit sha1_base64="GKYv3YBzSW+vcCnXm4SsDmmxo+c="></latexit>

p✓(x|z)
<latexit sha1_base64="60DGexcpR/Fv1prZWkg4K8IbvkM="></latexit>

Eq [log p✓(x|z)]
<latexit sha1_base64="ThBf6Fct1myVHSay2XFe4My8dic="></latexit>

�Eq


log

q(z|x)
p✓(z)

�

<latexit sha1_base64="bSdQSp0iZL3ytr3Aon9aL1YVVZc="></latexit>

x ⇠ pdata(x)
<latexit sha1_base64="Min9X1kSrlMsgf0t/tlM/bkvIlw="></latexit>

latent space

observed space
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VA R I AT I O N A L  E X P E C TAT I O N  M A X I M I Z AT I O N

x(1)
<latexit sha1_base64="B6UjBp4/v7QM2aCnHPQxDWrpA5c="></latexit>

x(2)
<latexit sha1_base64="FwVr0cXESl3SOrUUaDFUhRz5kW4="></latexit>

x(3)
<latexit sha1_base64="57nNbwizMTRjyA4veG/pfDVetG4="></latexit>

x(4)
<latexit sha1_base64="wB0JLQAS0C6z1a/9NFhmtou0s9U="></latexit>

x(5)
<latexit sha1_base64="Ruy7TN/ByiiuGz+RFEzPS0OHloo="></latexit>

x(M)
<latexit sha1_base64="QRDeGta/YSS+iaetICYO0GfyUdM="></latexit>(

mini-batch

Variational EM (single-step)

x(1:M) ⇠ pdata(x)
<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

sample
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VA R I AT I O N A L  E X P E C TAT I O N  M A X I M I Z AT I O N

x(1)
<latexit sha1_base64="B6UjBp4/v7QM2aCnHPQxDWrpA5c="></latexit>

x(2)
<latexit sha1_base64="FwVr0cXESl3SOrUUaDFUhRz5kW4="></latexit>

x(3)
<latexit sha1_base64="57nNbwizMTRjyA4veG/pfDVetG4="></latexit>

x(4)
<latexit sha1_base64="wB0JLQAS0C6z1a/9NFhmtou0s9U="></latexit>

x(5)
<latexit sha1_base64="Ruy7TN/ByiiuGz+RFEzPS0OHloo="></latexit>

x(M)
<latexit sha1_base64="QRDeGta/YSS+iaetICYO0GfyUdM="></latexit>(

mini-batch

x(1:M) ⇠ pdata(x)
<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

Variational EM (single-step)

sample

for x(i)
<latexit sha1_base64="3qF9j2MqVMmaHmAG1kIsIBBuAOw="></latexit> in x(1:M) ⇠ pdata(x)

<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

: 

maximize L(x(i), q(i))
<latexit sha1_base64="vCZfV8AH+OvK/UxNk5HcA3lTrE8="></latexit>

q(i)
<latexit sha1_base64="ObKj+k94kNxnXYv3yaUnwH3b33c="></latexit>

w.r.t. # E-step
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VA R I AT I O N A L  E X P E C TAT I O N  M A X I M I Z AT I O N

x(1)
<latexit sha1_base64="B6UjBp4/v7QM2aCnHPQxDWrpA5c="></latexit>

x(2)
<latexit sha1_base64="FwVr0cXESl3SOrUUaDFUhRz5kW4="></latexit>

x(3)
<latexit sha1_base64="57nNbwizMTRjyA4veG/pfDVetG4="></latexit>

x(4)
<latexit sha1_base64="wB0JLQAS0C6z1a/9NFhmtou0s9U="></latexit>

x(5)
<latexit sha1_base64="Ruy7TN/ByiiuGz+RFEzPS0OHloo="></latexit>

x(M)
<latexit sha1_base64="QRDeGta/YSS+iaetICYO0GfyUdM="></latexit>(

mini-batch

x(1:M) ⇠ pdata(x)
<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

Variational EM (single-step)

sample

for x(i)
<latexit sha1_base64="3qF9j2MqVMmaHmAG1kIsIBBuAOw="></latexit> in x(1:M)

<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

: 

maximize L(x(i), q(i))
<latexit sha1_base64="vCZfV8AH+OvK/UxNk5HcA3lTrE8="></latexit>

q(i)
<latexit sha1_base64="ObKj+k94kNxnXYv3yaUnwH3b33c="></latexit>

w.r.t. # E-step

maximize 
1

M

MX

i=1

L(x(i), q(i))
<latexit sha1_base64="sNd8ADXHK/7jp8wAxr3p2qiSEGs="></latexit>

w.r.t. ✓
<latexit sha1_base64="y9Nz2T+fmSMi/3DG5f53pxwGB6k="></latexit>

# M-step
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VA R I AT I O N A L  E X P E C TAT I O N  M A X I M I Z AT I O N

x(1)
<latexit sha1_base64="B6UjBp4/v7QM2aCnHPQxDWrpA5c="></latexit>

x(2)
<latexit sha1_base64="FwVr0cXESl3SOrUUaDFUhRz5kW4="></latexit>

x(3)
<latexit sha1_base64="57nNbwizMTRjyA4veG/pfDVetG4="></latexit>

x(4)
<latexit sha1_base64="wB0JLQAS0C6z1a/9NFhmtou0s9U="></latexit>

x(5)
<latexit sha1_base64="Ruy7TN/ByiiuGz+RFEzPS0OHloo="></latexit>

x(M)
<latexit sha1_base64="QRDeGta/YSS+iaetICYO0GfyUdM="></latexit>(

mini-batch

x(1:M) ⇠ pdata(x)
<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

Variational EM (single-step)

sample

for x(i)
<latexit sha1_base64="3qF9j2MqVMmaHmAG1kIsIBBuAOw="></latexit> in x(1:M) ⇠ pdata(x)

<latexit sha1_base64="2ZRlF2DXOphw1/Yk7NFB2aKYBlQ="></latexit>

: 

maximize L(x(i), q(i))
<latexit sha1_base64="vCZfV8AH+OvK/UxNk5HcA3lTrE8="></latexit>

q(i)
<latexit sha1_base64="ObKj+k94kNxnXYv3yaUnwH3b33c="></latexit>

w.r.t. # E-step

maximize 
1

M

MX

i=1

L(x(i), q(i))
<latexit sha1_base64="sNd8ADXHK/7jp8wAxr3p2qiSEGs="></latexit>

w.r.t. ✓
<latexit sha1_base64="y9Nz2T+fmSMi/3DG5f53pxwGB6k="></latexit>

# M-step

expensive
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spreading the cost of optimization over multiple runs using a learned model

AMORTIZED OPTIMIZATION

learn to directly estimate q(z|x)
<latexit sha1_base64="GKYv3YBzSW+vcCnXm4SsDmmxo+c="></latexit>

as a conditional mapping from x
<latexit sha1_base64="f85W8qlbhIMOhjGJ64NRDqqSQgA="></latexit>

AUTOENCODER (self-encoder)

learning to infer/estimate             is a form of meta-optimization!q(z|x)
<latexit sha1_base64="GKYv3YBzSW+vcCnXm4SsDmmxo+c="></latexit>

this class
(

refer to this mapping as q�(z|x)
<latexit sha1_base64="YkS8YsfO5GPGaEjeCi2l5F/ipJY="></latexit>
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L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

variational lower bound:

to learn an encoder, we need
r�L

<latexit sha1_base64="dGBcvxQRiAF5BFK3Ylw7PpntxCM="></latexit>

 some way of estimating

variational inference optimization requires stochastic gradient estimation

r�Eq�(z) [f(z)]
<latexit sha1_base64="ya5VuL0IHgpALERS6prV06VIhRQ="></latexit>

f
<latexit sha1_base64="CKqAvR9V05LxBre8nFeLmr7NtJY=">AAACdnicdVHLSgMxFE3HV62vVpeCBEvRVZmpgi6Lbly20Be0Q8mkd9pgMhmSjFiGfoFb/Tj/xKWZtos+9ELgcO7jnNwbxJxp47rfOWdnd2//IH9YODo+OT0rls47WiaKQptKLlUvIBo4i6BtmOHQixUQEXDoBq/PWb77BkozGbXMNAZfkHHEQkaJsVQzHBbLbtWdB94G3hKU0TIaw1JuOBhJmgiIDOVE677nxsZPiTKMcpgVBomGmNBXMoa+hRERoP107nSGK5YZ4VAq+yKD5+xqR0qE1lMR2EpBzERv5jLyr1w/MeGjn7IoTgxEdCEUJhwbibNv4xFTQA2fWkCoYtYrphOiCDV2OWuTWp6fZuayMWvygZgVKniVyWzERryv1xE+llZhIv6hGd1uiDUkdqtyZBdoT+JtHmAbdGpV765aa96X60/L4+TRJbpGt8hDD6iOXlADtRFFgD7QJ/rK/ThXTsW5WZQ6uWXPBVoLx/0FEsDC8w==</latexit>

z
<latexit sha1_base64="JJBRHMAw1+FJL17Y9ikHFHSRDGA="></latexit>�

<latexit sha1_base64="lxiql3JCVAJFF+6oZSBqr8bbMtc="></latexit>

some options:
• point estimate: let q�(z) = �(z = ẑ�)

<latexit sha1_base64="n1nUhh0C0aWaV1pwbiiG2j8v3WM="></latexit>

r�Eq�(z) [f(z)] = r�f(ẑ�)
<latexit sha1_base64="Utxamz1VP6NaKiWolCJ3pnvNsPQ="></latexit>

, yielding

• score function/REINFORCE: use any distribution, r�Eq�(z) [f(z)] = Eq�(z) [f(z)r� log q�(z)]
<latexit sha1_base64="kafoU2P97o1Ev7MnhOp0T5iJ9/4="></latexit>

Schulman et al., 2016

inexpressive

high variance, but see NVIL, DARN, MuProp, VIMCO, etc.
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variational inference optimization requires stochastic gradient estimation

r�Eq�(z) [f(z)]
<latexit sha1_base64="ya5VuL0IHgpALERS6prV06VIhRQ="></latexit>

f
<latexit sha1_base64="CKqAvR9V05LxBre8nFeLmr7NtJY=">AAACdnicdVHLSgMxFE3HV62vVpeCBEvRVZmpgi6Lbly20Be0Q8mkd9pgMhmSjFiGfoFb/Tj/xKWZtos+9ELgcO7jnNwbxJxp47rfOWdnd2//IH9YODo+OT0rls47WiaKQptKLlUvIBo4i6BtmOHQixUQEXDoBq/PWb77BkozGbXMNAZfkHHEQkaJsVQzHBbLbtWdB94G3hKU0TIaw1JuOBhJmgiIDOVE677nxsZPiTKMcpgVBomGmNBXMoa+hRERoP107nSGK5YZ4VAq+yKD5+xqR0qE1lMR2EpBzERv5jLyr1w/MeGjn7IoTgxEdCEUJhwbibNv4xFTQA2fWkCoYtYrphOiCDV2OWuTWp6fZuayMWvygZgVKniVyWzERryv1xE+llZhIv6hGd1uiDUkdqtyZBdoT+JtHmAbdGpV765aa96X60/L4+TRJbpGt8hDD6iOXlADtRFFgD7QJ/rK/ThXTsW5WZQ6uWXPBVoLx/0FEsDC8w==</latexit>

z
<latexit sha1_base64="JJBRHMAw1+FJL17Y9ikHFHSRDGA="></latexit>�

<latexit sha1_base64="lxiql3JCVAJFF+6oZSBqr8bbMtc="></latexit>

reparameterization trick / pathwise derivative:

reparameterize q�(z)
<latexit sha1_base64="RPKFC87lV9+/N6pHVTqS6ORnDWY="></latexit>

as a deterministic function

✏ ⇠ p(✏)
<latexit sha1_base64="yQG79wK7YcKFI9BsInqmzKiaH9o="></latexit>

z = g�(✏)
<latexit sha1_base64="tiRY10u2fFfb6vU22r0/7x9wGvg="></latexit>

of an auxiliary variable , i.e. f
<latexit sha1_base64="CKqAvR9V05LxBre8nFeLmr7NtJY=">AAACdnicdVHLSgMxFE3HV62vVpeCBEvRVZmpgi6Lbly20Be0Q8mkd9pgMhmSjFiGfoFb/Tj/xKWZtos+9ELgcO7jnNwbxJxp47rfOWdnd2//IH9YODo+OT0rls47WiaKQptKLlUvIB o4i6BtmOHQixUQEXDoBq/PWb77BkozGbXMNAZfkHHEQkaJsVQzHBbLbtWdB94G3hKU0TIaw1JuOBhJmgiIDOVE677nxsZPiTKMcpgVBomGmNBXMoa+hRERoP107nSGK5YZ4VAq+yKD5+xqR0qE1lMR2EpBzERv5jLyr1w/MeGjn7IoTgxEdCEUJhwbibNv4xFTQA2fWkCoYtYrphOiCDV2OWuTWp6fZuayMWvygZgVKniVyWzERryv1xE+llZhIv6hGd1uiDUkdqtyZBdoT+JtHmAbdGpV765aa96X60/L4+TRJbpGt8hDD6iOXlADtRFFgD7QJ/rK/ThXTsW5WZQ6uWXPBVoLx/0FEsDC8w==</latexit>

z
<latexit sha1_base64="JJBRHMAw1+FJL17Y9ikHFHSRDGA=">AAACf3icdVHLTgIxFC3jC/EFunTTSIiuyIyaqDuiG5eY8IowIZ1OBxr6mLQdI074C7f6X/6NHWDBgN6kycm5j3N6bxAzqo3r/hScre2d3b3ifung8Oj4pFw57WiZKEzaWDKpegHShF FB2oYaRnqxIogHjHSDyVOW774RpakULTONic/RSNCIYmQs9TrgyIyDKP2YDctVt+7OA24CbwmqYBnNYaUwHIQSJ5wIgxnSuu+5sfFTpAzFjMxKg0STGOEJGpG+hQJxov10bnkGa5YJYSSVfcLAObvakSKu9ZQHtjKzqNdzGflXrp+Y6N5PqYgTQwReCEUJg0bC7P8wpIpgw6YWIKyo9QrxGCmEjd1SblLL89PMXDYmJx/wWakGV5nMRmz4e74OsZG0CmP+D03xZkOsSWK3KkO7QHsSb/0Am6BzXfdu6tcvt9XG4/I4RXAOLsAV8MAdaIBn0ARtgIEAn+ALfDsF59KpO+6i1Ckse85ALpyHX0lCxig=</latexit>�

<latexit sha1_base64="lxiql3JCVAJFF+6oZSBqr8bbMtc=">AAACeXicdVHLTgIxFC3jC/EFunRTJSTEBZkBE10S3bjEhFcCE9IphWlop03bMZIJv+BWf81vcWMHWDCgN2lycu7jnN4bSEa1cd3vnLO3f3B4lD8unJyenV8US5ddLWKFSQcLJlQ/QJ owGpGOoYaRvlQE8YCRXjB7TvO9N6I0FVHbzCXxOZpGdEIxMik1lCEdFctuzV0G3AXeGpTBOlqjUm40HAsccxIZzJDWA8+Vxk+QMhQzsigMY00kwjM0JQMLI8SJ9pOl2QWsWGYMJ0LZFxm4ZDc7EsS1nvPAVnJkQr2dS8m/coPYTB79hEYyNiTCK6FJzKARMP05HFNFsGFzCxBW1HqFOEQKYWP3k5nU9vwkNZeOycgHfFGowE0mtSENf8/WITYVViHk/9AU7zZITWK7VTG2C7Qn8bYPsAu69ZrXqNVf78vNp/Vx8uAa3IIq8MADaIIX0AIdgEEIPsAn+Mr9ODdO1blblTq5dc8VyITT+AUJg8RI</latexit>

✏
<latexit sha1_base64="mlLz5PRn6k/2I/uXqfF1v+kMzi4=">AAACgnicdVFNS0JBFB1fVmZfWss2QyJEC3kvg1q0kNq0NMgK9CHzxqsOzVcz8yJ5+Dva1s/q3zRPXWTWhQuHc78O5yaaM+vC8KsQrBXXNzZLW+Xtnd29/Ur14MGq1FDoUMWVeUqIBc 4kdBxzHJ60ASISDo/J801ef3wFY5mS926iIRZkJNmQUeI8FfcSkfVAW8aVnPYrtbARzgKvgmgBamgR7X610O8NFE0FSEc5sbYbhdrFGTGOUQ7Tci+1oAl9JiPoeiiJABtnM9VTXPfMAA+V8SkdnrE/JzIirJ2IxHcK4sb2dy0n/6p1Uze8jDMmdepA0vmhYcqxUzi3AA+YAer4xANCDfNaMR0TQ6jzRi1tuo/iLBeXr1k6n4hpuY5/MrkM7cTbch/hI+UvjMU/NKOrA9pC6l1VA2+gf0n0+wGr4OGsETUbZ3fntdb14jkldISO0QmK0AVqoVvURh1E0Qt6Rx/oMygGp0EUNOetQWExc4iWIrj6Bk+fx38=</latexit>

the gradient can then be expressed as r�Eq�(z) [f(z)] = Ep(✏) [r�f(g�(✏))]
<latexit sha1_base64="RDKBSssad2j/hsH7IylpQYcMrco="></latexit>

canonical example:

z ⇠ N (z;µ, diag(�2))
<latexit sha1_base64="zWVfLW3xQCp8hKvONIQPML884ZI="></latexit>

z = µ+ � � ✏
<latexit sha1_base64="QmdBH634wU2OWPayLCNdPdm56jk="></latexit>

✏ ⇠ N (✏;0, I)
<latexit sha1_base64="Zua8P0atk5MgWkHZ/yc1jOcX15w="></latexit>

reparameterize

Schulman et al., 2016
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deep latent variable model + variational inference + direct encoder + reparameterized Gaussian

Variational Autoencoder (VAE):

µ�(x)
<latexit sha1_base64="f4POFtkrBQtlxidt2haan9e3VOs="></latexit>

��(x)
<latexit sha1_base64="byTPipI6nSdWcCa+1Ot0FEheE08="></latexit>

z
<latexit sha1_base64="JJBRHMAw1+FJL17Y9ikHFHSRDGA="></latexit>

✏
<latexit sha1_base64="mlLz5PRn6k/2I/uXqfF1v+kMzi4="></latexit>

⇤<latexit sha1_base64="Nkk3T+niU2cCEWunvav3KuI5f5w=">AAACdnicdVHLSgMxFE3HV62vVpeCBEtRXJSZKuiy6MZlC31BO5RMetuGJpMhyYhl6Be41Y/zT1yaabvoQy8EDuc+zsm9QcSZNq77nXF2dvf2D7KHuaPjk9OzfOG8pWWsKDSp5FJ1AqKBsxCahhkOnUgBEQGHdjB5SfPtN1CaybBhphH4goxCNmSUGEvV7/r5olt254G3gbcERbSMWr+Q6fcGksYCQkM50brruZHxE6IMoxxmuV6sISJ0QkbQtTAkArSfzJ3OcMkyAzyUyr7Q4Dm72pEQofVUBLZSEDPWm7mU/CvXjc3wyU9YGMUGQroQGsYcG4nTb+MBU0ANn1pAqGLWK6Zjogg1djlrkxqen6Tm0jFr8oGY5Up4lUltREa8r9cRPpJWYSz+oRndbog0xHarcmAXaE/ibR5gG7QqZe++XKk/FKvPy+Nk0SW6RrfIQ4+oil5RDTURRYA+0Cf6yvw4V07JuVmUOpllzwVaC8f9BZZ5wrc=</latexit>

+
<latexit sha1_base64="Z+9aU0F2yHtHC/FjEFUaW/dEtUg=">AAACdnicdVHLSgMxFE3HV62vVpeCBEtREMpMFXRZdOOyhb6gHUomvW1Dk8mQZMQy9Avc6sf5Jy7NtF30oRcCh3Mf5+TeIOJMG9f9zjg7u3v7B9nD3NHxyelZvnDe0jJWFJpUcqk6AdHAWQhNwwyHTqSAiIBDO5i8pPn2GyjNZNgw0wh8QUYhGzJKjKXqd/180S2788DbwFuCIlpGrV/I9HsDSWMBoaGcaN313Mj4CVGGUQ6zXC/WEBE6ISPoWhgSAdpP5k5nuGSZAR5KZV9o8Jxd7UiI0HoqAlspiBnrzVxK/pXrxmb45CcsjGIDIV0IDWOOjcTpt/GAKaCGTy0gVDHrFdMxUYQau5y1SQ3PT1Jz6Zg1+UDMciW8yqQ2IiPe1+sIH0mrMBb/0IxuN0QaYrtVObALtCfxNg+wDVqVsndfrtQfitXn5XGy6BJdo1vkoUdURa+ohpqIIkAf6BN9ZX6cK6fk3CxKncyy5wKtheP+ApiLwrg=</latexit>

Kingma & Welling, 2014

Rezende et al., 2014
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Rezende et al., 2014 Kingma et al., 2016 Razavi et al., 2019Maaløe et al., 2019

improving sample quality:

technical innovations:

Rezende & Mohamed, 2015
Normalizing Flows

Sønderby et al., 2016
Hierarchy / Top-Down Inference

Chung et al., 2015
Dynamical Models

Gulrajani et al., 2017
Autoregressive Decoder
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Cremer et al., 2018

amortized inference may fail to estimate the optimal distribution



A M O R T I Z AT I O N  G A P
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L

Marino et al., 2018a

can also visualize the gap in terms of the variational optimization surface
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structured models

hierarchical dynamical
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(naïve) direct encoders cannot account for structured estimates

structured models

hierarchical dynamical

zk
<latexit sha1_base64="qCNsTAslBZ+3T6P97eElhTzBa7M="></latexit>

z<k
<latexit sha1_base64="EWZcL4pUm9r8AnTL2zFC4mKxjhE="></latexit>

q�(zk|x)
<latexit sha1_base64="dokp6OrwOrBRNqTuCjVJLHxq4PI="></latexit>

depends on , but does not have access to this information
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there may be multiple equally valid estimates,

however, a direct mapping from x ! q�(z|x)
<latexit sha1_base64="rTShob4qqC/hoFuYcG5WPRRF5dE="></latexit>

can only provide a single estimate

Greff et al., 2019

example: multiple ways to parse an image into separate objects



I T E R AT I V E  A M O R T I Z E D  
I N F E R E N C E
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can we improve inference optimization 
while retaining the benefits of amortization?

motivation
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classical control/state estimation techniques

perform iterative estimation using error signals

Wiener, 1948

control

Kalman, 1960

control/state-estimation

Rao & Ballard, 1999

state-estimation
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Putzky & Welling, 2017
Recurrent Inference Machines

Andrychowicz et al., 2016
Learning to Learn GD by GD

Krishnan et al., 2018
Hjelm et al., 2016

Initial Encoding, Iterative Refinement

Kim et al., 2018

R E L AT E D  W O R K
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I T E R AT I V E  A M O R T I Z E D  I N F E R E N C E

�
<latexit sha1_base64="HlSpur9H0Rx2BbfN6EKhfq3sCbs="></latexit>

let be the distribution parameters of q�(z|x)
<latexit sha1_base64="YkS8YsfO5GPGaEjeCi2l5F/ipJY="></latexit>

i.e. � ⌘ {µ,�}
<latexit sha1_base64="KfCeXzjiBJYS33JPy1pSqj3JySI="></latexit>

iterative inference models:

� f�(�,r�L)
<latexit sha1_base64="9Ux/Zc111y2JfnTag5yESSOwvF8="></latexit>

gradient encoding:

error encoding: � f�(�, "x, "z)
<latexit sha1_base64="oQ2uMrvsCHxh5Dsnt5iLmIm9Q3A="></latexit>

where "x ⌘ µx(z)� x

�x
<latexit sha1_base64="G5Eky0/sEchDAASC3lbmxJIRjYY="></latexit>

"z ⌘ µz � z

�z
<latexit sha1_base64="4i0blnscpnEhibjdn1AGKt9RlRk="></latexit>

reconstruction error latent error
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L

2D model, MNIST

I N F E R E N C E  O P T I M I Z AT I O N

directly visualize inference in the optimization landscape

Marino et al., 2018a
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I N F E R E N C E  O P T I M I Z AT I O N

visualize data reconstructions over inference iterations

Marino et al., 2018a
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I N F E R E N C E  O P T I M I Z AT I O N

plot the ELBO over inference iterations

Marino et al., 2018a
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I N F E R E N C E  O P T I M I Z AT I O N

gradient magnitude decreases over inference iterations throughout training

Marino et al., 2018a
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Q U A N T I TAT I V E  C O M PA R I S O N

binarized MNIST

Marino et al., 2018a
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there may be multiple equally valid estimates,

by using the gradient/errors, iterative inference can explore them

Greff et al., 2019

example: multiple ways to parse an image into separate objects



36

I T E R AT I V E  A M O R T I Z E D  I N F E R E N C E

can be trivially extended 
to structured models
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I T E R AT I V E  A M O R T I Z E D  I N F E R E N C E

can be trivially extended 
to structured models

structure defines gradients, 
which define inference
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I T E R AT I V E  A M O R T I Z E D  I N F E R E N C E

can be trivially extended 
to structured models

structure defines gradients, 
which define inference
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I T E R AT I V E  A M O R T I Z E D  I N F E R E N C E

can be trivially extended 
to structured models

structure defines gradients, 
which define inference
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F I LT E R I N G  I N F E R E N C E

in dynamical models, filtering refers to performing inference 
using only current and past variables

q(zT |xT ) =
TY

t=1

q(zt|xt, z<t).

filtering approximate posterior:
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K A L M A N  F I LT E R I N G

Kalman filtering performs exact inference in 
linear-Gaussian dynamical models

updated 
estimate

predicted 
estimate

“Kalman gain” prediction 
error

infer latent variable using prediction and residual error

µt = µt|t�1 +Kt(x� x̂t)
<latexit sha1_base64="uNmWl4SJEeEOL5GrLsnIL3uXdEw="></latexit>

latent mean:
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Model Steps

t t+ 1

In
fe
re
n
ce
O
p
ti
m
iz
at
io
n
(E
-st
ep
)

t� 1

Prior

Observation

KL Divergence

Inference

Reconstruction Error

Generative Model

Conditional Likelihood

Approximate Posterior

F I LT E R I N G  VA R I AT I O N A L  I N F E R E N C E

Marino et al., 2018b
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VRNN SRNN SVG AVF

F I LT E R I N G  I N F E R E N C E  M O D E L S

custom-designed

Marino et al., 2018b
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TIMIT audio waveforms

V I S U A L I Z I N G  I N F E R E N C E  I M P R O V E M E N T

model output, 
iteration 1

model output, 
iteration 0

observation

Marino et al., 2018b
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decreasing relative improvement

I N F E R E N C E  I T E R AT I O N S
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training with additional inference 
iterations results in improved performance
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Marino et al., 2018b
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Speech TIMIT
VRNN

baseline 1,082
AVF (1 step) 1,105
AVF (2 step) 1,071

SRNN
baseline 1,026
AVF (1 step) 1,024

Music Piano-midi.de MuseData JSB Chorales Nottingham
SRNN

baseline [Fraccaro et al.] 8.20 6.28 4.74 2.94
baseline 8.19 6.27 6.92 3.19
AVF (1 step) 8.12 5.99 6.97 3.13
AVF (5 step) – – 6.77 –

Video KTH Actions

SVG

baseline 15,097

AVF (1 step) 11, 714

negative lower bound on test sets in nats

Q U A N T I TAT I V E  A N A LY S I S

Marino et al., 2018b



C L O S I N G  R E M A R K S
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negative feedback between sub-optimal 
inference and learning impairs training

inference 

model

L(x; q) = Eq


log p✓(x|z)� log

q(z|x)
p✓(z)

�

<latexit sha1_base64="mYn3Fe5Zb+Bt08z9ca0nXCFi9fQ="></latexit>

can enter local optimum when q�(z|x) = p✓(z)
<latexit sha1_base64="mGTf58VvoqWyBO0G2g3XHpTKRZ4="></latexit>

Lagging Inference Networks and Posterior Collapse in VAEs, He et al., 2019

inference networks“lag” behind 
optimal estimates, contributing to the problem



A D D E D  S T O C H A S T I C I T Y

49

°1 0 1

0

2

4

6

P
ro

b
ab

il
it
y

D
en

si
ty

°1 0 1

Dim. 1

0

1

2

3

M
ar

gi
n
al

D
en

si
ty

O
ve

r
In

f.
S
ee

d
s °1 0 1

0

1

2

3

4

5

°1 0 1

Dim. 2

0

1

2

3

4

°1 0 1

0

2

4

6

°1 0 1

Dim. 3

0

1

2

3

°1 0 1

0

2

4

6

°1 0 1

Dim. 4

0

1

2

3

°1 0 1

0

2

4

6

°1 0 1

Dim. 5

0

1

2

3

°1 0 1

0

1

2

3

4

5

°1 0 1

Dim. 6

0

1

2

3

°1 0 1

0

2

4

6

°1 0 1

Dim. 7

0

1

2

3

°1 0 1

0

2

4

6

Seed 1

Seed 2

Seed 3

Seed 4

Seed 5

°1 0 1

Dim. 8

0

1

2

3

4

latent dimensions

by using stochastic inputs (gradients/errors), we end up with stochastic estimates

Marino, unpublished

yields a more expressive marginal distribution, 
but can yield higher-variance estimates for individual inference seeds 

degree of help/harm from this noise in unclear
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there are currently a lot of tricks to getting 
amortized/meta optimization to work well

still an empirical question whether things will work or fail, 
largely lacking theory

• log-scale the inputs (Andrychowicz et al., 2016) 
• layer-normalize the inputs, outputs (Marino et al., 2018ab) 
• gated output (Marino et al., 2018a) 
• recurrent or not? (Andrychowicz et al., 2016) 
• input optimizer iteration (Lucas et al., 2018) 
• optimizer truncation length (Metz et al., 2019) 
• previous gradients (Metz et al., 2019) 
• errors vs. gradients (Marino et al., 2018a) 
• … (Li & Malik, 2017), (Wichrowska et al., 2017), …
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can cast reinforcement learning and control as variational inference

Levine, 2018



R E I N F O R C E M E N T  L E A R N I N G

52

can cast reinforcement learning and control as variational inference

r(st,at)
<latexit sha1_base64="IM6UzwM1Hui5X2a2nfWNjo6ufTI="></latexit>

p(Ot|st,at)
<latexit sha1_base64="A51c9mVRyHUvWuqD36UarmBe8FQ="></latexit>

reward

Levine, 2018
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can cast reinforcement learning and control as variational inference

policy networks are a form of amortized optimization!

p✓(at|st)
<latexit sha1_base64="QMdtOwzLZdUD7wJDZNpCi3DTiY8="></latexit>

⇡�(at|st,Ot:T )
<latexit sha1_base64="UFjnbwC9OnRD9bzdJ5Cr94S+/kY="></latexit>

�E⇡


log

⇡�(at|st,Ot:T )

p✓(at|st)

�

<latexit sha1_base64="ln574me01y45SeZDghNyPTRdgjk="></latexit>

r(st,at)
<latexit sha1_base64="IM6UzwM1Hui5X2a2nfWNjo6ufTI="></latexit>

p(Ot|st,at)
<latexit sha1_base64="A51c9mVRyHUvWuqD36UarmBe8FQ="></latexit>

action

reward

Levine, 2018
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can cast reinforcement learning and control as variational inference

policy networks are a form of amortized optimization!

penv(st|st�1,at�1)
<latexit sha1_base64="jawv/uraB5rJWFd77f1lb6xY/E8="></latexit>

p✓(at|st)
<latexit sha1_base64="QMdtOwzLZdUD7wJDZNpCi3DTiY8="></latexit>

⇡�(at|st,Ot:T )
<latexit sha1_base64="UFjnbwC9OnRD9bzdJ5Cr94S+/kY="></latexit>

�E⇡


log

⇡�(at|st,Ot:T )

p✓(at|st)

�

<latexit sha1_base64="ln574me01y45SeZDghNyPTRdgjk="></latexit>

r(st,at)
<latexit sha1_base64="IM6UzwM1Hui5X2a2nfWNjo6ufTI="></latexit>

p(Ot|st,at)
<latexit sha1_base64="A51c9mVRyHUvWuqD36UarmBe8FQ="></latexit>

state

action

reward

Levine, 2018




